MATHEMATICAL FORMULAE:

Trigonometric functions

T o % I 35 3 %TW ™ % 37” %r 2r | 37 4m nw
sinz) | 0 3 & P 41| & & -1 —% 0] 0 0 0
cos(@) | +1 % L 0|—d -1 - 0 & 41| -1 41 ()"

sin?z +coslz =1 , l+tan’z=sec’z , 14cot’z=csc’z

e =cosz+isinz , cos(z)=35(e"+e ) , sin(z)=—iz(e"” —e )
sin(a+b) = sinacosb+ cosasinb , sin(2a) = 2sinacosa
cos(a+b) = cosacosb—sinasinb
cos(2a) = cos?a —sin®a=1—2sin’a = 2cos’a — 1

Hyperbolic functions

cosh(z) = %(e"+e™*) , sinh(z) = 3(e* —e ) , €” = cosh(z) + sinh(z)

cosh?z —sinh?z = 1 , 1—tanh®z = sech?z
d cosh(z) . dsinh(z) dtanh(z) 9
~ = h _ - = h _— = h
T sinh(z) o cosh(z) T sech”(z)
cos(iz) = cosh(z) , sin(iz) = isinh(z) , tan(iz) = itanh(x)
Indefinite Integrals (anti-derivatives)
/sin(ac) cos(z)dr = — %cos(Qx)
/sinz(ac) dv = Jx — 7sin(2z) /0082(x) dr = x + 7sin(2z)
/wsin(ax) dx = 1 sin(ax) — z cos(ax)
o a? a

dx .1 dz -1
/\/17_—1:2 = Sin (ZU) s /1—1_:1:2 = tan (l’) s

7idj = = Vat+a® /75/?— = = ln(ac+\/ac2+a2)
Va2 +a Va2 +a
T dx
/T—FCLQ = %ln(w2+a2)

/ dz B x / xdz _ 1
(22 + a2)3/2 a2V ra? ’ (22 + a2)3/2 B /22 F a2



Definite Integrals (m,n are integers > 0)

a a
Jsin (T i (M) e = s [Tt (M50 )sin? ("20) do = §12 )
0 a a 0 a a 8
(o.] o o
/e_“2/2du: /u2e_“2/2du:\/% , /u"e Wy =" p!
—00 —00 0
7 1-3.-(2n—1
/0082”9d9 = 27 (2n—1)
2n n)
0
Sums & Series:
1—a2" <&
1 =y =14+ ---+2"
o xn
¢ = Y = =ltatzit, Wm(lt+a) = z—52° + g’ 4
n=0
cos(z) = 1— 5962 + i,a:‘l + , sin(z) = z— ;,x?’ + g,a:‘r’ +
_ 1 3.2 (2n)!
Fourier transforms:
o0 [o¢]
/eikm dx = 2mé(k) / e N gtk gy — \/7_T)\€_k2)‘2/4
—00 — 0o
/ e~ Atk gy — T / sech(z/\)e*® dx = 2X\sech(\k/2)
— o —00

™

> . . 1 7.
/ Ai(z/N)e*® dx = Ae R —/e”cose cos(nf)df = i" J,(z)
—o0 0

Miscellaneous

b
det = ad—bc =



Vector Calculus

Vectors:

a-(bxc) = b-(cxa) , ax(bxc) = b(a-c) — c(a-b) ,
V-(fa) = Vf-a + fV-a, Vx(fa) = Vfxa + fVxa
V-(axb) = b-Vxa —a-Vxb
Vx(axb) = a(V-b) — b(V-a) — (a-V)b + (b-V)a
V(a-b) = ax(Vxb) + bx(Vxa) + (a-V)b + (b-V)a

Cylindrical Coordinates: (r,¢,z) , z=rcos¢ , y=rsing

ixd =2, d = dri+rdpp+dez , dV = rdrdodz ,

vp = g 100, 00,

0¢
_[10v,  Ouy ov, Ov,] =~ J(rvg) 8%] Z
VXV‘{?% az}r+ [az 8r] + [ o 067
_ 10(rvr) | 10vy | Ovs _ 12( ) 10°f  *f
Vv = e e T e 0 Y f) T2 T a2

Spherical Coordinates: (r,0,¢) , z =rsinf cos¢ , y=rsinfsing , z=rcosf

ix0 = ¢ , dl = dri+rdlb+rsinfdod , dV = r’sinfdrdfde ,

_0f, 107, 1 of,
vi= or i 890 rsm98¢¢

sinf 0¢ or

_ [O(sinfvy) Ovg] 1 Ov, 8(7’1@)] 6 [8(rvg) (%r] f
Vxv = 00 &b}rsm@ [ + T

V.v — i@(r2vr)+ 1 O(sin 6 vg) 1 vy
r2  or rsinf 00 rsinf 0¢

S T Ty y e s
Vil = 3 " + r2sinf 06 sin * r2sin? 0 O¢?



Special functions

Bessel functions — Q,,(z) stands for either J,,,(x) or Y;,(x)

2
%d;‘i Q«%) ST P =R = ) = k) or J(r) = Yiu(hr)
Jom(@) = (=1)"Jn(z) , m integer

D 1(2) + D1(2) = 2 00(2) 5 D1 (8) — Dy () = 20, ()

1 /x\™
Jm()—%<§> a1
_ | -m
Yolw) = 2 lnGa) oo, Yolo) =R () T mz
1 . . . 1 2
/0 Jm(]m,nw) Jm(Jm,n’x)xdx = 2Jm+1(]m,n)5 n = E{Jm(]m,n)} Onm

Zeroes of Jy,(z) — Jp(Jmn) =0

nl| jon J10on) | Jin S2lin) | dem J3(om) | dsm JaUsn) | dan J5(jan) |
0 2.40 0.519 3.83 0.403 5.14 0.340 6.38 0.298 7.59 0.268

1 5.52 -0.340 7.02 -0.300 8.42 -0.271 9.76 -0.249 | 11.06 -0.232
2
3

8.65 0.271 | 10.17 0.250 | 11.62 0.232 | 13.02 0.218 | 14.37 0.206
11.79 -0.232 | 13.32 -0.218 | 14.80 -0.207 | 16.22 -0.196 | 17.62 -0.188

Modified Bessel functions

2
(D) =T r =R = J0) = Talk) or () = Kn(hr)
Im(m)—%<g>m + L r<1
Ko(z) = —In(z) +--- Km(w):%(m—l)!(g)_m—k--- , m>1

T
Im(ﬂj‘) - \/ZE ) Km(:p) - e—m\/% ) 3:>>m+1

In(2) = ™™ Jp(iz) , Km(z) = gimﬂ [ (i) + i Yo (i)
I (x)=1In(x) , K_pn(x)=Knyx)

Spherical Bessel functions — zy(x) stands for either j;(x) or ny(x)

L d <r2df> D 2y f) = guk) or F(r) = ne(kr)

r2dr dr r2
) VY li)£<sin:ﬂ> . f<l i>£<coszn>
i) = o (3 2) (B2) 0 mte) = — o (1) (2
. . ;
, sin ) sinz cosw ‘ T
jo(@) = x @) = 2z o Jel@) = 1.3...(2€+1)+'” r<l



COS T COS T

sinx

1-3---(20—1)

no(r) = — — ni(z) = — PR ;o ony(x) = — por +o 2zl
20+ 1 ,
z2e(x) = ze-1(x) + z2e1(x) 20+ 1) 2Z(x) = Lze1(z) — ((+ 1)z (2)
Zeroes of j,(z) and jy(z):
Je(xen) =0 Jo(zg,,) =0
n Ton Tin Ton T3 Ton T Th
1 3.1416  4.4934  5.7635  6.9880 | 0.0000  2.0816  3.3421
2 6.2832 7.7253  9.0950 10.4171 | 4.4934  5.9404  7.2900
3 9.4248 10.9041 12.3229 13.6980 | 7.7253  9.2059 10.6139
4 | 12.5664 14.0662 15.5146 16.9236 | 10.9041 12.4045 13.8461
Legendre polynomials
d dPby
— |1-2*)—| = —4(t+1)P —l<z<1
Tla-t = —uer DR —1<a
Py(z)=1, Pi(x)== , Pya)=352"—3 , Ps(a)=32" -3z , Pyx)=22" - Qa” 43

yal-3-((—1)

¢ _ _
PA-a) = (()'Rlx) . R()=1 ., P0)= (-1 2 even
Ao = L& 2 gy /lp(x)P (¥)de = —2—5
)= i gt Y AP o1
Plo,—P_ =20+1)P , (L+1)Ppq=(20+1)zP — (P4
Pl y=aP,+(+1)P , (2*-1)P,={[xP— P
Associated Legendre functions
d N i m? m
R J— — = — < -
dx[(l w)dx] 1—x2PZ L+ 1) P () , |m| <L, l<zx<l1
dm _ (£ —m)!
m — (_1\m(] _ 2ym/2 % m — (_1\m m
Py (@) = (1" (L= Em R R = (1) G P )
! m m 2 (E - m)'
[1 PZ (:L')Pg/ (ZL') dr = 2+ 1 (€+m)' (5@7@/



Spherical harmonics
+1)
r2

Vi = — Yom

Vind0.0) = | LI B eos e L Vi (0,00 = (-175,00.0

2 T
/ / Yim (0, 8) Yy (0, 6) sinfdf dd = 500 Sy
0 0

m

4 0 1 2

0 | Yoo = 1/VA4nx

1| Yy = %COS@ Y1 = —1/8%Sin9€i¢

2 | Yy = \/%(%COSZG—%) Yo, = —w/gsinﬁ cos e Yoo = \/%Siﬁ@e%‘b



