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Exam-2 on October 22, Wednesday, in class
Assignment 7: due October 17, Friday
Problems to be submitted:

27. In a curvilinear coordinate system, the three unit vectors are orthogonal.

(a) In cylindrical coordinate, § Xp=20dx2=38 2x5=¢. We have shown that § = cos ¢&+sin ¢7,
use the orthogonality to find <Z>

(b) In spherical coordinates, 7 x 0=0¢,0xp="r¢xi=0. Given 7 = sinf cos ¢ + sin 0 sin ¢g +
cos 02, and ¢ same as in (a), find 0. )

(c) A particle’s position is 7 = r#. Find its velocity v = % in spherical coordinates. Hint: recall
how we should write the infinitestimal displacement dr.

(d) Repeat (c), but now find the velocity in cartesian coordinates, and show that your solutions in

(c) and (d) are identical.

28. A cone has height H and circular cross-section with its radius R = 2H at the bottom. The
bottom of the cone is placed in the xy plane, and the axis of the cone is along the z-axis. The mass
density of the cone is a constant p.
(a) From the definition,

L _ Jprav

T T pav

we may use cylindrical coordinates to write ¥ = s§ + zZ, and find

. psdV pzdV
Tem = S Z
T Jpdv T [pav ™

Finish the integrals.
(b) We may also find the three components of 7, in cartesian coordinates by

. :fxpdV :fypdV ; :fzpdV
cm fpdv 7ycm fpdV’ cm fpdV’

and 7oy = Tem® + Yemy + Zem 2. Here you will write z,y, z and dV in cylindrical coordinates and
finish the integrals.

(c) Compare your solutions in (a) and (b). Are they the same? If not, which solution is correct?
Why is the other one incorrect?

(d) Also find the moment of inertial of the cone about z-axis.

29. The electric field by a point charge @) at origin is give by

- xd +yg + 22
E=k :
Q(x2 +y? + 22)3/2
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Find the work done by this electric field on a test charge ¢ moving from the initial position (x¢, yo, 20)
to the final position (2z0, 2yo, 22¢), along the following paths.

(a) The path consists of three parts. First, along a straight line with = changing from z( to 2z,
Y = Yo, Z = 20, i.e. no change in y and z; then along a straight line with y changing from yg to 2y,
and x = 2xg, 2z = 2g, i.e. no change in z and z, and finally along a straight line with z changing
from zy to 2z9, and x = 2z¢, y = 2yo, i.e., no change in x and y.

(b) The path is along a straight line in the direction of the initial positive vector, which is the same
direction of the final position vector. Hint: re-write E, the initial and final position vectors, and
the line integral in spherical coordinates.

(¢) Compare your solution in (a) and (b): does the result depend on the path of integral?

(d) Evaluate V x E, and show that E is a conservative force.

() Show that the electric field E is the (minus) gradient of the electric potential, E = —VV, V

given by

v =t
r

(f) Sketch the field lines of E and contours of V.

30. Consider a force F = c(yz — x7), where c is a positive constant, doing work on a particle as it
moves from the initial position (zg, yo, 20) to the final position (2xg, 2y, 220)-

(a) Find the work done along the path same as in Problem 29 (a).

(b) Find the work done along the path same as in Problem 29 (b). Here you want to find the
relation between y and x along this path, and conduct the integral in cartesian coordinates.

(c) Are the results in (a) and (b) same or different? Find V x F, and show that this is not a
conservative force.

(d) Sketch the field lines of F.



Solution

27. [14142+4] (a) ¢ = 2 X § = £ x (cos @& + sin ¢f)) = — sin ¢@ + cos P
(b) 6 = ¢ x# = (—sin i +cos ¢f) x (sin 6 cos ¢ +sin 0 sin ¢ +cos 02) = cos § cos ¢ + cos 0 sin ¢ —
sinfz.
(c) The infinitesimal displacement is given by dr = dr# + rdf + rsin quﬁg%, so we get
dr dr. df
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(d) In cartesian coordinates, dr = dz + dyg + dz2, so

-

dr bE 00 4 22
—-— = I ZZ.
dt yy

We will convert the spherical coordinates back to cartesian. First, we write the unit vectors in
spherical coordinates into unit vectors in cartesian coordinates, leading to

— = P+7r00+ rsin@cjﬁq@
= (sin# cos ¢r + r cosf cos # — rsin O sin <Z><Z>):%
+(sin 0 sin ¢7 + r cos O sin #0 + rsin 0 cos qﬁqﬁ)g)
+(cos 07 — 7sin 09)2.
We then use coordinates transformation and chain rules to find 7, 6, and ¢ as functions of &, 7, 2.

Here r = y/22 4+ y? + 22, leading to

7= fﬁv—i— gg)%— 25— sin @ cos ¢ + sin @ sin ¢y + cos 0.
r r r

From cos @ = z/r, we find

cosf . 1

. z 1
—sinf0 = — 2 mz = - .
St T2T+7‘Z rsin@r rsin@z

Then from tan ¢ = y/x, we get

sing . cos ¢
rsinf rsin @

sec2¢gb:—%x—|—fy—>¢):—
x T

Taking these back to d_%/ dt expression, with some algebra and reorganization of terms, it is seen
that

vy = sinfcosdr + rcosbcos @f — rsin fsin ¢o
29 0
= sin@cos¢+w f—wé+sin2¢i‘—sin¢cos¢y
sin 6 sin
0
= C?quf _ B - COS¢2 + sin? ¢ — sin ¢ cos By
sin 6 sin 6
0
= C(,)S 4 (sin 0 cos ¢z + sin 0 sin ¢y + cos 02) — Mz‘ + sin? & — sin ¢ cos ¢y
sin ¢ sin 6

= X.



Similarly, we find

vy = sinfsin¢r + rcosﬁsinqbé + rsin@cosqbé
20 si 0
= |sinfsing + ol - sin ¢ 7 — cosfsing ¢z — sin ¢ cos ¢ + cos? ¢y
sin sin 0
0
= sin ¢ (sin @ cos ¢& + sin 0 sin ¢y + cos 02) — w
sm& sin 6

— sin ¢ cos ¢ + cos? ¢y

And then v, = cosfi — rsinff = (cosf —cosf) i + 2 = 2. Therefore, 7 + 700 + rsinfpdp =

i+ i) + 25
28. [34+2+41+2] (a) We first find the total mass

H 2(H-2) 4
M = /pdV = 27rp/ dz/ sds = gﬂpH?’.
0 0

H 2(H-=z) 4

/pst = 27rp/ dz/ s?ds = —mpH*,
0 0 3
H 2(H—=2) 1

/pde = 27Tp/ zdz/ sds = —mpH*.
0 0 3

1

Then we find

So

(b) Here we write z = scos ¢,y = ssin ¢, so the integrals become

H 2(H—=z) 2

Tem /pa:dV p/ dz/ 2ds/ cos pd¢p = 0,
0 0
H 2(H 27

Yem = /pyd p/ dz/ st/ sin ¢pdg = 0.
0 0

The center of mass position is therefore

1

ch = Zcm2 = ZHi

(c) Apparently, from symmetry, we know the solution (b) is correct. Solution (a) is not correct

because § is not a constant unit vector and its direction changes with the location of dV'; therefore

$ cannot be taken out of the integral.
(d) The moment of inertial is given by

H 2(H—=2) 8
I = /ripdV = 27Tp/ dz/ ssds = gTrpH5.
0 0
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29. [2424141+1+2] (a) The force on the charge ¢ is F = ¢E, so the work done is W = [F- dr.
The line integral consists of three parts

Lo 2 2 2
W = Q/E-dT = kQq [/IOIO (22 +y3édf_ zg)3/2 +/yoy0 (43% +zgi 23)3/2 + /ZOZO (4x3 +4Z?JL§Z+ 22)3/2}
1 1 1 1
- e [(w% TR @+ A A+ )V (4ag + Ay +z3)1/2]
1 1
e {(4333 +4y3 + )12 (daf + 45 + 4,23)1/2]
1 1
- e [(:cg +@B+ 2V (dad+ 443 +4z§)1/2] '

(b) We write the electric field in spherical coordinates E = kQq? /r?, and the integral becomes

L " 11
W= q/E~dr:qu/r 7“d’"—qu/ Ter:qu<—).

72 ro ro T1

(c) The results in (a) and (b) are the same; so the work done by the electric field does not depend
on the path.

(d) We can use spherical coordinates to evaluate the curl of E. Since E = E(r)#, it is easily seen
that V x E = 0.

Therefore, the electric force is a conservative force, and the work done does not depend on the
path.

(e) Again, we can find the gradient using the spherical coordinates,

oy V. 1oV. 1 9V Qi

“or o0  rsinf 96 T

(f) The electric field is radial, and its magnitude decreases with distance by 1/r2, as shown in
the figure. The contour of V is shown in dashed curves. The electric field is in the direction
perpendicular to the V' contour.

30. [24241+2] (a) We find the work by
W o= /ﬁ-d?:/(deerFydy):c/(yd:c—xdy)

20 2yo
= c/ yodxr — c/ 2xgdy = —cxoyo.
o

Yo
(b) Along that path, y — yo = x — g, or y = x + yo — o, so dy = dz, then the work done is

oL 2x0
W = /F'dr:c/(ydx—xdy):c/ (y — x)dx

0

2o
= C/ (yo — zo)dx = cxo(yo — 20)-

0
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(c) The results in (a) and (b) are different, so the integra is path dependent. We also find

= = (0F, O0F;\, .
VXF_<8$ ay)z— 2¢cz # 0.

Therefore, F' is not a conservative force, and the work done by Fis dependent on the path.
(d) The field lines of the force are shown in the figure, forming vortices, i.e., curl of the field is not
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