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Supplemental Notes

1. Currents

A current [ is the amount of charges passing a cross-sectional area of a conducting wire per unit
time. By definition, I = %, in units of Ampere (A), and 1 A =1 C/s.

line current I: a line current I refers to the current in a line wire, in units of A. A (vector) line
current may be envisioned as a line charge with a mean speed along the wire I = \@.

surface current density K: the surface current density is the current per unit length (NOT

area) perpendicular to the flow of the current. By definition, K = Cg—i, in units of A/m. A (vector)

surface current may be envisioned as surface charge density with a mean speed K = .

volume current density J: the volume current density is the current per unit cross-sectional
area (NOT volume) perpendicular to the flow of the current. By definition, J = %, in units of
A/m2. A volume current density may be envisioned as volume charge density with a mean speed

J = pv.

an area vector: An area vector a is defined such that its magnitude is the area of the surface and
its direction is the normal of the area, which is perpendicular to the plane of the surface and, by
convention, pointing from inside the volume outward.

2. Waves in Conductors

With finite conductivity, the Maxwell’s equations are reduced to the wave equation of the following

form: ~ .
= OFE 0°FE
V2E — po— — pe—=—= =0
Ho 0t — o
If we describe the solution as E = quei(g'ﬁ_“’t) so that the time and space arguments are in the

exponential function, it can be easily seen that:

V2 = —k?
2 = —w
ot

H? 9
w = —Ww

Therefore, the above wave equation is reduced to:
—k? + iwpo + pew? =0

Since there is an imaginary term in the equation, the solution of the wave number must be a
complex. We write this complex as k = k4 + ik_, and take it back to the equation:

—(ky +ik_)? +iwpo + pew® = k1 + k% — 2ik k- + dwpo + pew? = 0
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To satisfy the equation, both the real part and imaginary part have to be satisfied, which leads to
the other two equations:

kzi — k2 = pew?
2kt k- = wpo
From the above second equation, k_ = %, which can be taken to the first equation to arrive at:

KL~ (mﬁ — pew? =0

or

k‘i — ,uerk‘i —

The solution of kzi is therefore given by:

W

Since k‘_% is a positive real number, apparently, the solution should be discarded. After some

re-organization of terms, we arrive at:

o1+ /14 (Z)?

kzi = Lew

0 \2
k+:w\/ﬁ\/1/71+(§w)_+l

And k_ is further derived by:

k2 = k‘i — pew?

leading to:

k_:w\/m\/,/ﬂr(;%p_l

The plane wave solution in conductors can now be written as:

—

E— Eoe—k,-rei(kJr-r—wt)



T

3. EM Waves Between Conducting Plates

Suppose that a plane EM wave linearly polarized in x direction travelling in z direction between
two parallel conducting plates which are parallel to the yz plane. One plate is placed at =z = 0,
the other plate is placed at x = d, and in between the plates is vacuum. We see that, between the
plates, the following wave solution satisfies the Maxwell’s equations:

E — E()ei(kz_wt).’i'

B Lo itkeun) g
c

where c is the speed of light in vacuum. The wave is just like the plane wave in unbounded vacuum,
except that at £ > d and x < 0, the fields vanish, since we assume that the conducting plates are
perfect conductors. In this case, at the boundary with the two plates, the boundary condition
has to be satified. We note that, at the boundary z = 0,z = d, the electric field in our solution
only has the normal component, and the magnetic field only has the tangential component. Both
fields vanish, or are discontinuous at the boundary, suggesting that surface charge o, and surface
current K ¢ are present. Below we will find the surface charge and surface current distribution at
the conducting surface.

The boundary condition for the electric field is (eoutﬁout — elnﬁln) -f = oy and for the magnetic
field is Eout [ Pout — ézn [ in = K ¢ X 1 where “out” in this case refers to the plates, “in” refers to
the vacuum between the plates, and n is the normal of the boundary surface pointing from inside
outward. Apparently, Eout = 6, and éout = 0 as the fields in the conducting plates vanish.

We first find the charge distribution. At the top boundary z = d, we see that n = Z, so the

boundary condition for the electric field yields (eoutﬁout — elnﬁln) SN o= —eoEoei(kZ_“t)i ST =

i(kz—wt)

—egFEpe = oy, leading to

O'f(x = d) = —eoEoei(kz_Wt)

—

At the bottom boundary x = 0, 7 = —z, the boundary condition leads to (eoutﬁout —enEin) N =

—einEge’F*=9l 3 () = egEpel(*—wt) = o, so that

o (@ = 0) = eEpe’

We therefore see the electric field and charge distribution as if the electric field be generated by
surface charges on a parallel capacitor, with the electric field pointing from the positive charge
plate to the negative charge plate. However, different from the case of electrostatic field by charges
of a capacitor, in this case, both the electric field and surface charges are varying with time (¢) and
space (z): they are traveling fields and charges.

We then examine the surface current distribution using the boundary condition for the magnetic
field éout [ out — gzn/ Win = K ¢ x . With some algebra, this equation may be further written as
7 X (Bout/MUtout — Bin)/muin = 7 x (K; x 7) = K;(A-7) — a(Ks - 7). In this configuration, the
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surface current is in the plate parallel to the yz plane, so K ¢+ n =0, and the above relation is
reduced to

L X (gout/ﬂout - gln/uin) = K:f

At the top boundary = = d, n = Z, and the boundary given above yields

. En .
Kp(z =d) =2 x (=Bin)/po = — 0 gilkz—wt) g
Hoc

At the bottom boundary x = 0, 7 = —Z, so the boundary condition yields

Kf(x =0)=—2 x (=Bi)/po = £ githz-wn 5

Hoc¢
The configuration appears as if the magnetic field be produced by current running in —z direction
along the upper plates and returnning in z direction along the lower plate. However, different from
the case of magnetostatic field generated by steady current, in this case, the surface current varies
in time and space, just as the magnetic field, both of which travel along z direction.

4. EM Waves in Co-axial Cables

Now if we consider to roll the parallel conducting plates in the above example into a cable trans-
mission line made of long co-axial cylindrical shells with the inner radius a and outer radius b. In
between the shells is vacuum. Again, an EM wave travels along the axis (z direction) of the cable
between the shells. It is straight forward to conceive that the electromagnetic field configuration
be the same as the case between conducting plates, with the electric field pointing from one shell
to the other, and the magnetic field being azimuthal, or tangential to the cable surface. Therefore,
the wave solution may be written as

E’ — E(S)ei(kz—wt)§
I E(S)ei(kz_m)q;
c

Here, different from the case in Cartesian coordinates, ¥ and B are functions of s, which may be
determined by Gauss’s law and Faraday’s law. Given the cylindrical symmetry, we consider that
the fields are not functions of the azimuthal angle ¢. The Gauss’s law for the field in vacuum
requires V-E=0.In cylindrical coordinates, this is written as

10sE(s)
s Os

Solving the differential equation, we get the solution E(s) = é, where A is a constant to be
determined later. With Faraday’s law, we can further determine the magnetic field. Finally, the
fields are written as
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Now let’s take a detour to determine the constant A. The radial electric field between the shells
indicates an electric potential, or voltage difference V =V, — V},, between the two shells. We will
find this potential difference by

a b bA ) b .
V=V,-V,=— / E-ds = / E - 3ds = / gdse’(kz_“’t) = Aln(a)e’(kz_“t)
b a a

The potential difference is also a wave solution which we further write as V = Vyellkz—wt)  with
Vo being the amplitude of an alternating voltage between the two shells. We therefore derive the
constant A as expressed by Vj, and the fields are now written as

E _ Vo lei(kz—wt) 3

In(b/a) s §
oo Vo 1 i(kz—wt) 7
b= cln(b/a) P ¢

With these fields, we will examine the surface charge and current distribution on the inner and
outer shells. Here let’s define that “out” refers to s > b or s < a, and “in” refers to the vacuum
between the shells where the fields reside. So Eom = 6, and éom = 0 as the fields vanish in perfect
conducting shells.

At the outer boundary s = b, 7 = §, and the boundary condition for the electric field is written as
(eoutﬁout — elnﬁln) o —EOE(S)ei(kZ_Wt)é -§ =0y, leading to
€0Vo i(kz—wt
- =——299 i(kz—wt)
o8 =8 =~/
At the inner boundary s = a, n = —§, and the boundary condition gives
_ _ Vo i(kz—wt)
of(s =a)= aln(b/a)e

For the surface current, we examine the boundary condition for the magnetic field, which can be
re-written as Ky = M%Bm X n. At the outer boundary s = b, n = 3, we therefore derive the surface

current v
K —p) = — Vo i(kz—wt) 2
s(s=") pocbln(b/a) c :
At the inner boundary, s = a, 7 = —§, and the surface current is derived as
Kf(s _ ) Vo ei(kz—wt)é

4= pocaln(b/a)

The electric field appears like electrostatic field by charges carried by the co-axial cable, and the
magnetic field appears like magnetostatic field by currents carried by the cable. However, they
are not static fields, they are self-feeding EM waves traveling along the cable, and the charge and



-6 —

current distribution also travel along the cable. In this way, the transmission line conveys message
from one end of the cable to the other end by either fields or charges and currents.
It is found that the total current on the inner or outer shell is

2 Vo i(kz—wt) 2mVoeoc i(kz—wt)

(s=a) (s =a)2ma ,uocln(b/a)e in(b/a)
=27V (ke —2nVheoC o,
I(s=b) = K(s = b)2rb = — "0 ilkz—wt) _ i(kz—wt)
(s=0b) (s =b)2wd ocn(b/a) “n(b]a)

So the inner and outer shells carry currents of the same magnitude but opposite signs. It indicates
an alternating current related to an alternating voltage V = Vye!(k2=«t) by
V. In(b/a)

J=—=
I 2megc

If a linear material (e and p = o) fills in between the cables, then we get

7 In(b/a) _ [eoln(b/a)

T 2mev € 2mege
We define Z as impedance, which is a property only determined by the geometry and the material
of the cable line. Note that the impedance has exactly the same units as the resistance. However,

it is not resistance. The transmission line in this discussion does not have resistance, but currents,
charges, and fields travel along the cable by the self-feeding EM wave.



5. Radiation by Point Electric Dipole

A time-varying electric dipole p(t) at the origin is made by two time-varying point charges of +¢(t)
placed at +d/2 on the z axis. This setup generates the retarded scalar potential as: V(7,t) =
Vi + V_, where

v 1 gt —y/c)

- 4deg Ly
1 —qt—1_/c)
T drwe L

where V. and V_ are produced by the positive and negative charges at the distance ¢y and ¢_
respectively. Now expanding ¢ using the assumption d << r, we get:

d
e =r(1F ZCOSH)

and ) ) p
— = —(1+ —cosb)
Lt T 2r

We further expand the retarded term using the ¢ from above:

q“—wiﬁ)=qu—rﬂgi§%aﬁﬁﬁﬁéglﬁ

The above expansion only keeps the first order term by ignoring the higher-order time derivatives
of g, the underlying assumption being

d 0
%COSQE <<1

or d << c¢/w. Taking all these terms back to the retarded potential calculation, and ignoring the

higher order term involving 1/r? by assuming r >> c/w, we get:

v 1 q(r)dcosf
4dmege T

Here we define 7 = ¢ — r/c. Now in the setup, the electric dipole moment is given as p'= gqdz. So

the above can be further written as:
1 1. op

V= —7
4mege T‘T ot

In the similar manner, by discarding higher order terms, the vector potential is given by

= 100
q_ Mo op

 4nr ot

To derive the radiation electric and magnetic fields, the key is to keep only derivatives applied
to retarded term which has an implicit » dependence, but discard derivatives applied to explicit r
term. Specifically, there are:
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The radiation electric field and magnetic field are given by:

= ol 0P
=1 gr
4777‘[ ( X8t2)]
_ wo 1, 0%, 1. =
Bt le, o0 _Li B
47TCT'( X8t2) CTX

Note that in these solutions, p' = p(7), where 7 = t — r/c. And these are general solutions
for radiations fields by a point electric dipole located at the origin, independent of the coordinate
system.

6. Vector Potential by a Circular Current Ring

A circular current ring of radius b placed in the zy plane and centered at the origin makes a
magnetic dipole. The magnetic dipole moment is given by m = I7b?2. Now if the current varies
with time as I = Iycos(wt), the dipole radiates. We may calculate the retarded vector potential of
the point dipole at an arbitrary location 7 by

q_ Mo Idl’ _ ,uofob/cos[w(t— 1/e)dd’ ¢
4r L 4m L

It is seen that 7= xZ + yy + 22 = rsinfcos¢T + rsinfsingy + rcosdz, = becosd' T + bsing'y, and

2
L= (72 + r/2 — 97 T‘/)l/2 — 7"[1 + % o 22 Sin@COS((ﬁ _ ¢/)]1/2 ~ T‘[l o gsiDHCos(qﬁ _ ¢/)]

And with the far-field approximations with all higher order terms ommitted (see textbook), the

integral becomes
- /L()I wa2

A= po— sin(m-)sin@/cos(qﬁ — ¢/)]d¢/(§

where 7 =t — r/c. Note that the integral should carry along in the Cartesian coordinates since (JAS
varies. We further write ¢ = —sing’% + cos¢'7), and the integral becomes:

2
A= —%sin(wﬂsinﬁ / cos(¢ — ¢')(—sing'z + cosd'q)de¢’

The above integral for £ and § components results in

- Towmb? Towmb? -
A= —Msin(wT)sinG(—sinqS:ﬁ + cos¢y) = —%Sin(wﬂsin&b
7r

drre

as given in the textbook (Equation 11.35).
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Further, with the notion that m = mgcos(wT)2, %—T = —wsin(wr)my, and sinf¢p = —# x 2, the
retarded vector potential can be further written into its general form independent of the coordinate
system as
- o 1, om
A= —"——(F x
47 cr( ot )

The electric field is given by
0A o1, 0*m
o amrc X )

1 d%m 1 _
B Ly x 20 = Lk B
T C

o)1=

Above are general solutions for radiations fields by a point magnetic dipole located at the origin,
independent of the coordinate system.

7. Radiation by Point Dipoles

To summarize, the radiation by electric dipole placed at origin is given by:

= gl . 0 LA
=—— X = x B
4w 7‘[ ( ot? ) &
= po 1. 9. 1. 4
B=——"—- —VY=fxFE
4me r( o ) ¢ =
c lam Lo oy 1 9%,
S=—FExB=—F-Ef= — =5
140 e "7 16mc 2 | ot? |
The radiation by magnetic dipole placed at origin is given by:
— Mo 1 N 827'72 ~ >
EF=-—-(fFX—)=—-c"rxB
dmer (7 ot? ) -
— Mo “ “ 82771 1 “ —
B = — X =—-rxFE
472 7‘[ (F ot? ) ¢
- 1= = 1 = = 1 2m
§-LlExB-LE gioto Ly, O
140 LoC 1673 r2 ot?

The above solutions are independent of the coordinate system. It is seen that the electric
field and magnetic field always oscillate in the spherical surface centered at the dipole and are
orthogonal to each other. The Poynting flux always points from the origin to the observer in the
radial direction, and it is orthogonal to the electric field and magnetic field.

In terms of the magnitude, the magnitude of the electric field and magnetic field is related to
the position of the observer: it is proportional to sin 1 with 1) being the angle between the observer
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and the direction of the dipole moment, and inversely proportional to the observer’s distance.
The Poynting flux is proportional to sin? and inversely proportional to distance squared. In the
direction along the dipole moment, the observer detects no radiation, and in the plane perpendicular
to the dipole moment, the observer detects the strongest radiation.

Furthermore, comparing the magnetic dipole radiation with the electric dipole radiation, it is
seen that for a source with both, the magnetic dipole radiation is a lot smaller than the electric
dipole radiation, hence is often ignored (see textbook). In your assignment (Griffiths Problem 11.9),
only radiation by the electric dipole moment is to be computed.

8. Radiation by Relativistic Particles

The formula describing radiation by relativistic particles are given in textbook Example 11.3
and Problem 11.16. Note that the angle 6 in the book refers to the observer’s position with respect
to the velocity § of the charge. In the case of collinear acceleration, 6 is also the angle with the
acceleration, but in the case of synchrotron radiation, 6 is NOT the angle with acceleration. When
discussing the angular dependence, make sure what 6 refers to. In the case of collinear acceleration,
radiation near the forward direction is strongest; in the case of synchrotron radiation, radiation in
the forward direction (and perpendicular to the acceleration) is strongest. In comparison, slow-
moving charges radiate most strongly in the direction perpendicular to the acceleration, and the
radiation power beams are symmetric about the @ axis.

The total radiation power by collinear particles is

_ tog’a?yS

P” e

and the total radiation power by particles with @ L E is

2.2, 4
P = Hog=a™y
6mc
. If charged particles are accelerated by electromagnetic forces, then a ~ 1/m, so P ~ 1/m?. There-

fore, in particle acceleration experiments, light particles radiate a lot more than heavy particles.
For example, an electron radiates a lot more than a proton by more than a million times.

In magnetic fields, charged particles have a circular motion, and the acceleration is by the Lorentz
force as yma = quB. Therefore, the total radiation power is given by

p_ 0d'y v B
6mem?
. Again, it is seen that light particles (e.g. electrons) radiate a lot more than heavy particles (e.g.
protons), and the radiation power is proportional to B? as well as v?>42. For relativistic particles,
v242 is a big number.
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A relativistic electron has the total energy E = ymec?, where v = 1/4/1 — 32 is the Lorentz factor,
and m, is the electron rest mass. This energy includes the kinetic energy Ej and the rest mass
energy mec? of the electron, therefore, Ey = (v — 1)mcc?, leading to v = 1//1 — 52 = E, +1,
where E; = Ej/ M_,c? is the kinetic energy relative to the rest mass energy. The rest mass energy of
an electron is given by mec? = 0.91 x 10739 x (3 x 10%)2J = 0.91 x 10730 x (3 x 10%)2/1.6 x 10~ eV =
512keV. So for Ej = 100 keV, v = (100/512.) +1 = 1.20, and 8 = 0.55. It can be found that the
synchrotron radiation power by an electron of 100 keV kinetic energy for B = 108T is

p = M0 B et B oy
6mem? 6mm?2
which is a large amount of power. Even in weak magnetic fields B ~ 1T, the radiation power by a

100 keV eletron is about 40 keV per second.



