
Physics 425, Spring 2009 

 

Final Exam 
May 4 12:00-1:50, Monday 

 
 
Constants: 
Boltzmann constant: k = 1.38 x 10-23 J/K 
Mass of hydrogen atom: mH = 1.67 x 10-27 kg 
Avogadro’s number: Na = 6.02 x 1023 
Planck’s constant: h = 6.63 x 10-34 J s 
dQ = TdS = dE + PdV 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
1. Short questions: [24 points] 

(a) A small ice cube is thrown into a full bathtub of water kept at a constant 
temperature T = 270 C. The ice cube absorbs 1 Joule of heat to melt. What is 
the change of entropy ΔS of the bathtub water? By what factor does the 
number of states change (write your answer in powers of ten)? [4 points] 

(b) One mole of a Van der Waals gas is being compressed isothermally at the 
constant temperature T from the initial volume vi  to the final volume vf. Does 
its internal energy E change or not? Explain why. [4 points] 

(c) A gas consists of N (N>>1) identical Bosons. The lowest energy state for this 
gas is at ε = 0. Show that at very low temperature, the chemical potential µ 
varies with the temperature T according to: 

! 

µ(T " 0) # $
1
N
kT [Hint: for small x, 

! 

ln(1+ x) " x ] [7 points] 
(d) The specific heat cV of 1 mole of a solid conductor is measured at varying 

temperature T in the laboratory, assuming that the conductor stays in the solid 
state even at very high temperatures. It is found that when the solid is cooled 
to a temperature very close to absolute zero, cV is nearly linearly proportional 
to T. At slightly higher temperature, cV is proportional to T3. When the solid is 
heated to a temperature Θ1,  cV  is nearly a constant cV = c1. When the solid is 
further heated, cV is rising again, and at the temperature Θ2, cV again reaches a 
constant cV = c2.. Explain why cV  exhibits such temperature dependence, what 
are Θ1 and Θ2, and what are the values of c1 and c2. [9 points] 

 
Key to solutions: 
(a) The bathtub water is a heat reservoir, which release 1J of heat to the ice cube, so 

the entropy change is ΔS=Q/T=-1 J/(27+273)K =-0.003 J/K. The number of 
states is changed by a factor 

! 

e
"S / k

= e
#2.4$1020

= 10#2.4$10
20 loge

= 10#1.0$10
20  . 

(b) The internal energy of a Van der Waals gas will change when its volume changes. 
The internal energy of a Van der Waals gas includes the interaction (potential) 
energy between molecules. Changing the volume will change the mean distance 
between gas particles, which changes the interaction energy hence the internal 
energy. 

(c) When T approaches zero, all N bosons will condense to the lowest energy state. 
Therefore, the occupation number at ε = 0 is N, and is zero at all other excited 
states. From 

! 

N =
1

e
("#µ ) / kT

#1
=

1

e
#µ / kT

#1
, we can derive 

! 

e
"µ / kT = 1+

1

N
, so 

! 

µ = "kT ln(1+
1

N
) . Since N >>1, 1/N << 1, so 

! 

µ = "kT ln(1+
1

N
) # "

kT

N
. 

(d) For conductors, in principle, both lattice vibrations of solids and conduction 
electrons (which may be treated as a gas) contribute to the thermal energy and 
specific heat. At very low temperature, quantum effects have to be taken into 
account in calculating the thermal energy and specific heat. At low temperature, 
the contribution to the specific heat by the solids is proportional to T3 according to 
Debye’s model, and the contribution by the degenerate electron gas is 
proportional to T. When T approaches zero, the linear T dependence term 



dominates the cubic T3 term. When T rises, T3 dependence of the lattice vibration 
dominates. At the Debye temperature (which is a few hundred to a few thousand 
K degrees for most materials), the classical description will become valid to 
describe the lattice vibration, which contributes to the specific heat as 3R (i.e., C1 
= 3R). As the temperature further rises until the Fermi temperature (which is 104-5 
K degree for many solids), the electron gas may be treated in the classical way, 
which then contributes to the specific heat according to equipartition. As electrons 
are like monatomic gas, the contribution is 3/2 R. So at very high temperatures 
(higher than the Ferni temperature), C2 = 3R + 3/2 R = 9/2 R. 

 
2. In this problem, you are going to discuss equilibrium conditions for the ideal gas. 

Suppose that two ideal gases A1 and A2 are initially thermally insulated by a rigid 
partition. The number of states in each gas is given by 

! 

"
1

= C
1
E
1

3 / 2N
1V
1

N
1 and 

! 

"
2

= C
2
E
2

3 / 2N
2V
2

N
2 , where C1 and C2 are constants, E1 and E2 are internal energies, 

and V1 and V2 are volumes. The total energy E = E1 + E2 and the total volume V = 
V1 + V2 of the two gases are held constant. N1 and N2 are numbers of molecules 
in the two gases respectively, N1 + N2 = N. Particle transfer is not allowed 
between the two gases, i.e., N1 and N2 are constants. [26 points] 

(a) Suppose that initially the temperatures of the two gases are T1
i and T2

i, 
respectively. If 

! 

T
1

i
"T

2

i , when thermal insulation between the two gases is 
removed, what is going to happen? [3 points] 

(b) After a sufficiently long time, thermal equilibrium is established between the two 
systems. At the final thermal equilibrium, use the maximum entropy argument 
to calculate the final temperatures T1

f and T2
f of the two gases as a function of E 

and N. Note that you should first write the expression of the entropy of the 
combined system as a function of E1, E2, V1, and V2, and determine what are 
independent variables in the expression. [12 points] 

(c) At the final equilibrium, the two gases have internal energies E1
f and E2

f, 
respectively. Calculate E1

f and E2
f. Should E1

f and E2
f  be identical? [6 points] 

(d) If the partition between the two systems is allowed to move freely, so that the 
volumes of the two gases may change to achieve mechanical equilibrium. What is 
the equilibrium pressure P as a function of E and V? [5 points] 

 
Key to solutions: 
 
(a) If the initial temperatures are not the same, when thermal insulation is removed, heat 
transfer will take place such that heat flows from the high temperature gas to the low 
temperature gas until the two gases have the same temperature, or achieve thermal 
equilibrium. 
 
 (b) We first write down the entropy of each system S1 and S2, and the total entropy of the 
combined system is S = S1 + S2. The expressions are as the following: 
 



! 

S1 = k ln"1 = k lnC1 +
3

2
kN1 lnE1 + kN1 lnV1

S2 = k ln"2 = k lnC2 +
3

2
kN2 lnE2 + kN 2 lnV2

S = S1 + S2 = k(lnC1 + lnC2) +
3

2
k(N1 lnE1 + N 2 lnE2) + k(N1 lnV1 + N 2 lnV2)

     

  

The condition for final equilibrium is to maximize S, or mathematically, the partial 
derivative of S with respect to any of all independent variables is zero. In this problem,  
E1 (or E2) and Vq  (or V2) are independent variables. Further, since the volumes of the 
gases do not change, so only E1 is taken as the independent variable. The thermal 
equilibrium condition is: 
  

! 

"S

"E1

=
"(S1 + S2)

"E1

=
"S1

"E1

+
"S2

"E2

"E2

"E1

= 0

note that E1 + E2 = E,  there is 
"E2

"E1

= #1,  so 
"S

"E1

=
"S1

"E1

#
"S2

"E2

= 0.

By definition, 
"S

"E
=  

1

T
,  so the above expression reduces to 

1

T1

$
"S1

"E1

=
"S2

"E2

$
1

T2

,  thus T1 =T2 =T .

On the other hand, T =  (
"S1

"E1

)#1
=

3

2
kN1

E1

% 

& 

' 
' 
' 

( 

) 

* 
* 
* 

#1

=
2

3

E1

kN1

=
2

3

E2

kN2

As 
E1

N1

=
E2

N 2

,
E1 + E2

N1 + N 2

=
E

N
=
E1

N1

=
E2

N 2

,  therefore,  T1 =T2 =T =
2

3

E

kN

 

 
 

! 

(c) from (b), it is seen that :  T =
2

3

E1

kN1

=
2

3

E2

kN2

=
2

3

E

kN

so at final equilibrium, E1 =
3

2
N1kT , E2 =

3

2
N 2kT

You should also be able to find these out directly using equipartion theorem at thermal equilibrium. 

Note that E1 and E2 in general are not identical unless N1 = N 2. This is to say, the internal energy 

of the ideal gas of each subsystem  is proportional to the number of gas particles in the subsystem. 

This is exactly equipartition -  each gas particle has the same mean internal energy 
3

2
kT .

 



! 

(d) using the equation of state for the ideal gas : PV = kNT =
kN

V

2

3

E

kN
=

2

3

E

V

Note :   though you are not required to,  the mechanical equilibrium condition may

be worked out in the same way as in (b), as the following :

"S

"V1

=
"(S1 + S2)

"V1

=
"S1

"V1

+
"S2

"V2

"V2

"V1

= 0

note that V1 +V2 = V ,  there is 
"V2

"V1

= #1,  so

"S

"V1

=
"S1

"V1

#
"S2

"V2

= 0,  or 
P1

T1

$
"S1

"V1

=
"S2

"V2

$
P2

T2

. since T1 =T2 =T ,P1 = P2 = P

On the other hand, P =T 
"S1

"V1

=T 
"S2

"V2

=
kN1T

V1

=
kN 2T

V2

As 
N1

V1

=
N 2

V2

,
N1 + N 2

V1 +V2

=
N

V
=
N1

V1

=
N 2

V2

,  therefore,  P =
kNT

V
=
kN

V

2

3

E

kN
=

2

3

E

V

 
 

3. An engine works in the following idealized cycle: (26 points) 
A-B: adiabatic compression 
B-C: isobaric expansion  
C-D: adiabatic expansion  
D-A: isobaric compression  
Assuming this cycle to be carried out quasi-statically for 1 mole monatomic ideal 
gas with constant specific heats and the specific heat ratio γ: 

(a) Sketch the cycle in the P-V diagram [4 points] 
(b) Calculate the changes of internal energy ΔE and entropy ΔS  during A-B and 

during B-C in terms of the gas pressure PA and PB, the gas volume VB and VC, 
and γ. [8 points] 

(c) Calculate the total amount of heat Q and work W during one cycle; express your 
answers in terms of the gas pressure PA and PB, the gas volume VB and VC, and 
γ. [10 points] 

(d) Calculate the engine efficiency in terms of PA, PB, and γ. [Note: the engine 
efficiency is the ratio of work to the amount of absorbed heat.]  [4 points] 

 
 



! 

(a) Note that A - B is the adiabatic compression with decreasing volume 

     and increasing pressure because of the relation PV "
= const,  where " > 0.

(b) A - B : it is an adiabatic process, so QAB  =  0,#SAB = 0. The adiabatic relation is PAVA
"

= PBVB
"

= const. 

Using the first law, we find #EAB = $WAB = $ PdV =%
PBVB 1$

PB

PA

& 

' 
( 

) 

* 
+ 

1/" $1, 

- 

. 

. 

/ 

0 

1 
1 

" $1

B - C :  #EBC = CV (TC $TB ) =
CV

R
(PCVC $ PBVB ) =

CV

R
PB (VC $VB ) =

1

" $1
PB (VC $VB )

For 1 mole ideal gas in an isobaric process :  TdS = dE + PdV = CV dT + RdT ,  so 

#SBC = CV
dT

T
+ R

dT

T
= CP ln

TC

TB
=%% CP ln

PCVC

PBVB
=

"

" $1
R ln

VC

VB

(c) The simplest way to solve this problem is to calculate heat Q first :

      A - B :  adiabatic process, hence QAB = 0

      B - C :  isobaric process, PC = PB ,  QBC = #EBC + PB#VBC

                 As #EBC = CV (TC $TB ) =
CV

R
(PCVC $ PBVB ) =

CV

R
PB (VC $VB )

                 There is :  QBC = (
CV

R
+1)PB (VC $VB ) =

"

" $1
PB (VC $VB )

                 Since VC > VB ,  QBC > 0,  the engine absorbs heat.

     C - D :  same as A - B, QCD = 0

     D - A :  same as B- C :  QDA =
"

" $1
PA (VA $VD )

     Using the adiabatic relation for A - B and C - D processes,  there is :

     PAVA
"

= PBVB
"
,  or VA =

PB

PA

& 

' 
( 

) 

* 
+ 

1/"

VB ,  samely,  VD =
PC

PD

& 

' 
( 

) 

* 
+ 

1/"

VC =
PB

PA

& 

' 
( 

) 

* 
+ 

1/"

VC

    Therefore, the total heat :

    Q =QBC +QDA =
"

" $1
PB (VC $VB ) $

"

" $1
PA

PB

PA

& 

' 
( 

) 

* 
+ 

1/"

(VC $VB ) =
"

" $1
PB $ PA

PB

PA

& 

' 
( 

) 

* 
+ 

1/", 

- 

. 

. 

/ 

0 

1 
1 
(VC $VB )

    During one cycle,  the net change in the internal energy #E = 0,  thus the total work

     W =Q $ #E =Q =
"

" $1
PB $ PA

PB

PA

& 

' 
( 

) 

* 
+ 

1/", 

- 

. 

. 

/ 

0 

1 
1 
(VC $VB )

    (d) The engine efficiency is 2 =
W

Qin

=
W

QBC

=

"

" $1
PB $ PA

PB

PA

& 

' 
( 

) 

* 
+ 

1/", 

- 

. 

. 

/ 

0 

1 
1 
(VC $VB )

"

" $1
PB (VC $VB )

= 1$
PB

PA

& 

' 
( 

) 

* 
+ 

1

"
$1

= 1$
PA

PB

& 

' 
( 

) 

* 
+ 

1$
1

"

 



 
4. A certain material is made of molecules, each of them having only two values for 

the component of its magnetic moment along the direction of an external 
magnetic field: µz = (1, −1) µ0 , and µ0 is the Bohr magneton. [24 points] 

(a) Find the mean magnetic moment of one molecule 

! 

µ
"

 when the material is kept at 
a constant temperature T with the external magnetic field B. [8 points] 

(b) Make a qualitative graph to show the temperature dependence of 

! 

µ
"

. Make sure 
that your plot captures the behavior of 

! 

µ
"

 at high temperature and low temperature 
limits, and give a physical explanation of such behavior. [4 points] 

(c) Using the expression in (a), derive the approximate expressions for 

! 

µ
"

 at high 
temperature (kT >>µ0Β) and low temperature (kT << µ0Β) to verify your 
conclusion in (b). Note that you should keep the first-order terms in your 
approximate expressions. [6 points] 

(d) The magnetic energy for 1 mole of this material is given by 

! 

E
B

= "N
a

µ
"

B . If we 

define a specific heat as 

! 

C
B

=
"E

B

"T
, calculate CB using the expression for 

! 

µ
"

 in (a), 

and discuss the temperature dependence of CB. [6 points] 
 
 



! 

(a) The magnetic moment µz = (1,"1)µ0,  with the energy # = -µzB = ("1,1)µ0B

     The mean magnetic moment is then given by :

     µ
"

=
$µze

"# / kT

$e"# / kT
=

µ0 (eµ0B / kT " e"µ0B / kT )

e
µ0B / kT + e"µ0B / kT

(b) µ
"

 decreases with increasing temperature as a result of competition between 

external magnetic field and thermal perturbation. At high temperature 

(µ0B /kT << 1),  thermal perturbation dominates, and spin particles tend to 

align randomly resulting in a net zero magnetization. At low temperature (µ0B /kT >> 1),  

the external magnetic field dominates and spin particles tend to align along with

the external field producing the maximum magnetization so that µ
"

= µ0.

(c) When µ0B /kT << 1,eµ0B / kT % 1+ µ0B /kT ,  e"µ0B / kT % 1" µ0B /kT ,  so 

     µ
"

%
µ0 (1+ µ0B /kT "1+ µ0B /kT )

1+ µ0B /kT +1" µ0B /kT
=

µ0
2
B

kT
,  at large T,  µ

"

& 0.

     When µ0B /kT >> 1,eµ0B / kT >> 1,e"µ0B / kT % 0,  therefore,

     µ
"

%
µ0e

µ0B / kT

e
µ0B / kT

= µ0

(d) The total magnetic energy is EB = "µ
"

BNa . For convenience,  we' ll define ' =
µ0B

kT
,

then EB = "µ
"

BNa = "µ0BNa

e
' " e"'

e
' + e"'

. And CB =
(EB
(T

=
(EB
('

('

(T
= 4kNa

µ0B

kT

) 

* 
+ 

, 

- 
. 

2
1

e
' + e"'( )

2

When µ0B /kT >> 1,CB % 4kNa

µ0B

kT

) 

* 
+ 

, 

- 
. 

2

e
"2' . Since the exponential term goes to zero more quickly

than the 1/T2 term, so CB  approaches zero.

When µ0B /kT << 1,  e' % e"' % 1,  CB % kNa

µ0B

kT

) 

* 
+ 

, 

- 
. 

2

. CB  approaches zero when T is very large.

   
 
 
 
 
 
 
 
 


