Physics 567
Homework 3
Due Friday, February 9, 2024

The Mandelbrot set is a fractal structure in
the complex plane defined by the iterative

mapping
_ 2
Zn+1 = Zp -+ 20-

If |2z,] < 2 as n — oo, then the point 2,
is within the Mandelbrot set. Points outside
the set will escape after some number of iter-
ations; this number is called the count. The
set of points remaining in bounds after n it-
erations is called the nth lemniscate.

Write a program to estimate the area of
the Mandelbrot set by Monte Carlo with ran-
dom sampling. For a particular set of ran-
dom complex values z; on the 2D interval
—2 < Re(zp) < 2, =2 < Im(zp) < 2, the

lemniscate area estimate will decrease as it-
eration count n increases. Plot the change in
area, A,,_1 — A,, as a function of n. Estimate
& plot a power law trend.

Next, write a modified version of your pro-
gram that chooses points zy by stratified sam-
pling. Run both versions of your program
for a range of IV, the total number of points.
Repeat enough times to get a reasonable es-
timate of the standard deviation at a given
N. Plot how this converges with increasing
N, and estimate & plot power law trends for
both kinds of sampling. In class, we esti-
mated the convergence rate for stratified sam-
pling, based on the premise of finding the vol-
ume of a v-dimensional object bounded by a
v — 1-dimensional surface:

1

fractional error = O (N_%_E) (1)
The border of the Mandelbrot set, however,
is not 1-dimensional!

Modify your code to generate an illustra-
tion of the Mandelbrot set. There are many
ways to do this. The picture above has vary-
ing color according to the count. It is a scat-
ter plot of 107 randomly distributed, color
coded points—a very inefficient approach.

Hints. Your code will run faster if it is vec-
torized, unless you waste cycles by continuing
to iterate points that have already escaped
(]z] > 2). Octave/MATLAB has many fea-
tures to facilitate efficient coding; for exam-
ple, see “using logicals in array indexing” in
the online MATLAB documentation. With
the plots, the idea is to make accurate esti-
mates at low computational cost, and extrap-
olate trends to large n and large N.



Feel free to consult outside references to
check your work, but you should estimate er-
rors and convergence rates based solely on
your own calculations. Hand in all parts via
email to the grader, including:

1. Your source code, commented so that it
is readable.

2. All commands used to complete the as-
signment.

3. The requested plots:

(a) Convergence (decrease in area from
lemniscate n — 1 to n) vs. n, with
power law trend overplotted.

(b) Convergence (standard deviation
in multiple independent area esti-
mates) vs. total points N, for both
sampling methods, with power law

trends overplotted.

(c)

Picture of the Mandelbrot set, gen-
erated by your code.

4. Include in the body of your email a con-
cise, written discussion of the following
questions:

(a) Give your stratified sampling result
for the area of the Mandelbrot set,
as displayed by MATLAB/Octave.
What maximum count, n, did you
use, and how many points?

Use the observed trend to extrapo-
late to n — 00, and give a corrected
area.

(c) What statistical convergence rates,

O(N What), do you observe for ran-
dom sampling and for stratified
sampling?

Estimate the uncertainty in your
corrected area, and explain the ba-
sis of your estimate.

Generalize expression to the
case where the boundary has some
dimension ¢, 0 < g < v.

Estimate the dimensionality of the
boundary of the Mandelbrot set
based on the actual rate of conver-
gence for stratified samplingﬂ

In this and all future homework assignments,
I encourage you to make use of existing code
including my examples and the built-in func-
tions in Octave and Matlab.

Useful references:

e http://en.wikipedia.org/wiki/
Mandelbrot_set

e http://mathworld.wolfram.com/
MandelbrotSet.html

!Since the boundary can pass through a given
sampling subdomain more than once, or even an in-
finite number of times, the boundary dimension may
easily exceed our numerical estimate. It has been
shown that the fractal dimension of the Mandelbrot
boundary is actually 2. This was not arrived at
easily—there was controversy for years in the liter-
ature.
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